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(31 Two Types of Constraints and Circuit Equations o

3.1.1 Two Types of Constraints

A circuit is formed by connecting components in a specific manner, and in any
lumped-element circuit, the currents and voltages must satisfy two types of constraints
related to the properties of the components and the way the circuit is connected.

(1) Constraints related to the properties of the components: The voltage-current
relationships of the components provide linear constraints on the voltages and currents
in each branch (such as Ohm’s Law U=RI). These constraints are independent of the
circuit’s connectivity.

(2) Constraints related to the circuit connection methods: Kirchhoff’s Current Law
(KCL) and Kirchhoff’s Voltage LLaw (KVL) respectively provide linear constraints on
the branch currents and branch voltages with a specific connection method. These
constraints are independent of the properties of the components.

Kirchhoff’s Current Law: At any node in a circuit, the sum of currents flowing
into the node at any given moment is equal to the sum of currents flowing out of the
node.

Kirchhoff’s Voltage Law: In any closed loop, the algebraic sum of the voltage
drops across all components is equal to the algebraic sum of the electromotive forces. In
other words, when traversing a closed loop and returning to the starting point, the
algebraic sum of the voltage drops across each segment is always equal to zero.

In any lumped-element circuit, the voltages and currents must simultaneously
satisfy these two types of constraints. Therefore, the fundamental method for circuit
analysis involves, based on the circuit’s structure and parameters, formulating
Kirchhoff’s Current Law (KCL), Kirchhoff’'s Voltage Law (KVL), and component
Voltage-Current Relationship (VCR) equations that reflect the two types of constraint
relationships. These equations, collectively known as circuit equations, are then solved

to obtain the solutions for the voltages and currents in the circuit.
3.1.2 Circuit Equations

For a circuit with 6 branches and n nodes, the circuit equations have the following
characteristics:

(1) The VCR equations for the b branches are independent of each other.

(2) The KCL equations for any n—1 nodes are independent of each other, and the
number of independent nodes is n—1.

(3) The KVL equations for any 6—n+1 loops are independent of each other, and



the number of independent loops is equal to the number of meshes, which is 6 —n+1.

(4) The total number of independent circuit equations is b+ (n—1)+ b —n+1)=

2b. These equations represent the most fundamental circuit equations and serve as the

basic foundation for circuit analysis.

(5) The VCR equations for independent power sources directly provide the voltage

or current for the respective branch, thereby reducing constraint equations and variables

in the solution process.
Example 3. 1 In the circuit shown in Figure

3.1.1, ug=0.05cost (V), calculate the voltages

and currents for each branch.

The has 4 branches, 2

independent nodes, and 2 meshes, which can list 4

2 KCL equations and 2 KVL

Solution ; circuit
VCR equations,
equations.
4 VCR equations:
ug =0.05cost
ug, =2.5ip
icees = 1002,
Ugy = 2ipy
2 KCL equations:
iy tig, =0
icces Tigy =0
2 KVL equations:
ug; —usg =0
Uy — teees =0
By solving the above equations, we can obtain:

ug; =0.05cost (V)

. 0. O5cost
2.5

iy =—0.02cost (mA)

IR1

iR

100i Wt
MSC 2.5kQD AL ? 2kQU Uy
: 2

Figure 3. 1.

=0. 02cost (mA)

icces =100 X 0. 02cost = 2cost (mA)

igy = — 2cost (mA)

Ucees =Ugy =2 X (— 2cost) = —4cost (V)

Example 3. 2

1

Example 3. 1 circuit

In the circuit shown in Figure 3. 1. 2, the switch is closed at t =0.

Given that the initial voltage across the capacitor is u (0) =1V, calculate the voltages

and currents in each branch for 1=0.
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o 2%9 i Solution: After the switch is closed, it consists
J of 3 branches, 2 independent nodes, and 1 mesh.
2v( f) SuF == Z(. We can formulate 3 VCR equations, 2 KCL
W ~  equations, and 1 KVL equation.
L 3 VCR equations:
Figure 3.1.2 Example 3. 2 circuit Ug =2V

up =200 X 10%i 4

ie=5x10"° %

2 KCL equations:

iy tig =0

—ig tic =0
1 KVL equation:

up tue —Ug=0
Loop KVL equation:
3 6 du(? du(:
200 X 10”7 X 5 X 10 F+u(; =F+uc =2

ue(0) =1

The solution to a first-order nonhomogeneous linear differential equation consists
of two parts: ue = ucy, + ue,. The general solution u¢), to the corresponding
homogeneous linear differential equation is given by:

ue, =Ke", t=0 (3.1. 1D

In the equation: s represents the characteristic roots of the characteristic equation;
K is an undetermined constant. For the characteristic equation s + 1 = 0, the
characteristic root is s=—1.

A particular solution w, for the first-order nonhomogeneous linear differential
equation generally takes the same form as the excitation. Assuming wu., = C,
substituting it into the first-order nonhomogeneous linear differential equation u,=2.
Hence, we obtain;:

ue =ucy tue,=Ke ' +2, t=0 (3.1.2)

Solving for the undetermined constant K with the initial voltage u(0)=1, setting
t=0, we have:

U (D =K+2=1>K=—1->uo=2—¢'(V), =0 (3.1.3)

After solving for the voltage across the capacitor, we can determine the voltage
across the resistor:

up =Us—ur=e (V), t=0 (3.1.4)

The currents flowing through each component are:



. —6 duC —6 —t —t

10 = — = (§ —oe ’ — . L
¢=5x10"" 5 =5x10 (A)=5¢ " (pA), =0 (3.1.5)
ig =ic=5e (uA), t=0 (3.1.6)
Z.Uzil.R :75e7t(p~A)9 I3 >O (3. 1.7)

(32 The Three-Element Method for First-Order Circuits

<

3.2.1 First-Order RC Circuit

In Figure 3. 2. 1 (a), we have a simple voltage-source resistor-capacitor (RC)
circuit. Let’s write the Kirchhoff’s Current Law (KCL) equation for the top node.

u du

i) = +C (3.2.1D
Equation (3.2.1) can be rewritten as: N
duc ue i) =
— tre = ¢ (3.2.2) [
To find u,- (z), it is necessary to solve a
nonhomogeneous linear first-order ordinary @
differential equation. We use the method of finding i)
homogeneous and particular solutions to solve this fo
equation. Let u,(z) be an arbitrary solution of the
homogeneous Equation (3. 2. 3) associated with the o !
inhomogeneous Equation (3. 2. 2). ®)
due | ve (3.2.3) L ok
dt  RC Time constant: RC
Setting the original driving function (here 0 ¥
denoted as 7 (¢)) in the non-homogeneous equation

(©

Figure 3.2.1 The transient response

to zero yields the corresponding homogeneous
equation. Subsequently, let u¢, (z) be an arbitrary
solution to Equation (3. 2. 2). Finally, add the two of capacitor charging
solutions together to obtain the complete solution:
ue () =ucy, (1) +uc, () 3.2. 40
Equation (3. 2. 4) represents the general or complete solution of Equation (3. 2. 2).
Here, u ¢y, () is referred to as the homogeneous solution, while u., () is called the
particular solution. In the context of circuit response, the homogeneous solution can
also be termed as the circuit’s natural response since it solely depends on the internal
energy storage properties of the circuit and is independent of external inputs. The

particular solution can also be referred to as the forced response or forced solution, as it
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is determined by the external inputs to the circuit.
To make the problem more specific, let’s assume that the current source is a step
function.
iwy=1,, t>0 (3.2.5)
As shown in Figure 3. 2. 1(b), it is further assumed that before the step current is
applied, the voltage across the capacitor is 0. From a mathematical perspective, this
constitutes the initial condition.
we =0, <0 (3.2.6)
The method to solve for the homogeneous solution and particular solution typically
involves three steps.
The first step involves finding the homogeneous solution, denoted as wu(y, (£),
which is given by:

ducy  uey -

0 .2.7
de RC . )
Assuming the form of the solution is:
ue, =Ae” (3.2.8)
To substitute Equation (3. 2. 8) into Equation (3. 2.7), we obtain:
st
Ase” +§\Q‘E —0 (3.2.9)

The equation cannot determine the value of A. However, by excluding the special

case of A=0, we obtain:
@y (3.2.10)
se . = . L.
’ RC

For finite values of s and 7, the term e” will never be equal to zero. Therefore, this

factor can be eliminated, resulting in:

1
Equation (3. 2.10) is the characteristic equation of the system, and s=—1/(RC)

is a root of this characteristic equation. Now, knowing that the homogeneous solution
has the following form:
wey, =Ae RC (3.2.12)

The product RC has the dimension of time and is referred to as the time constant of
the circuit.

The second step involves finding a particular solution, denoted as u(,, which
satisfies the original differential equation. It does not have to satisfy the initial
conditions, i. e., it is required to satisfy the equation:

o oy

I= R dr

(3.2.13)




Since I, is a constant for 1>>0, an acceptable particular solution is also a constant,

namely:
ue, =K (3.2.10)
To prove this, substitute it into Equation (3. 2.13), yielding:
K
IOZEJrO (3.2.15)
K=I,R (3.2.16)

Since Equation (3. 2. 15) can be used to determine K, there is confidence in the
assumption about the particular solution form., that is, Equation (3. 2. 13) is correct.
Therefore, the particular solution is:

ue, =IR (3.2.17)

The third step involves determining the complete solution. The complete solution

is the sum of the homogeneous solution and the particular solution.
ue =Ae "* + IR (3.2.18)

The only remaining unknown constant is A, and it can be determined using the
initial conditions. Equation (3. 2. 6) applies to t<C0, while Equation (3. 2. 18) applies to
t>>0. As the instantaneous jump in capacitor voltage requires an infinite pulse current,
the capacitor voltage must be continuous for finite current. The circuit cannot provide
an infinitely large current, thus it is reasonable to assume that the voltage across the
capacitor u is continuous. Consequently, the solutions for the positive and negative

time intervals are equal at the moment ¢ =0.

0=A+1,R (3.2.19
Therefore, we have:
A=—I,R (3.2.20)
The complete solution for t=>>0 is:
ue =—1I,Re " + IR (3.2.2D)
Or:
we =I,R(1— e "R (3.2.22)

Plot the graph of the complete solution, as shown in Figure 3. 2. 1(c).

Here are some explanatory notes to deepen the understanding:

D Note that the capacitor voltage starts from 0 at £t =0, and after a considerable
time ¢, reaches its final value of I,R. The growth process from 0 to IR has a time
constant of RC. The final value of the capacitor voltage, I R, indicates that all the
current emitted by the current source flows through the resistor. The capacitor appears
as an open circuit,

@ The initial value of the capacitor voltage being 0 implies that at t =0, all the

current emitted by the current source must flow through the capacitor, and there is no
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current through the resistor. Therefore, at ¢ = 0, the capacitor appears as an

instantaneous short circuit.

uc @ Now the physical significance of the time constant RC
AL IR becomes apparent. As shown in Figure 3. 2. 2, it is a factor
L RC that characterizes transient behavior, determining the speed at

2l = which the transition process concludes.

Figure 3.2.2 Time constant The capacitor is now fully charged, assuming the current

source is suddenly set to zero, as shown in Figure 3. 2. 3(a).

For convenience, the time axis is redefined in the figure so that the current source is

turned off at # =0. The circuit used to analyze the transient process of RC discharge

now only contains a resistor and a capacitor, as shown in Figure 3. 2. 3(¢). The initial

condition describing the voltage across the capacitor at the beginning of the experiment
is given by:

we =I1,R. <0 (3.2.23)

In this scenario, the RC discharge process is the same as that of a circuit containing

only a resistor and a capacitor, with the initial capacitor voltage u ¢, =1 R.

. uc(0)=ILR
i) N - (0= 1
P o e [ e
| /7 Time constant: RC R’ ‘ C== uc(n
| / / ‘ _
0| ‘ 0 0
(a) (b) ©
Figure 3.2.3 Transient process of capacitor discharge
Since the drive current is 0, the differential equation for t=>0 is
0 U n Cdu
R de
As before, the homogeneous solution is
ey =Ae K (3.2.24)

However, the particular solution is now 0 because there is no forced input, so

Equation (3. 2. 24) is the complete solution. In other words

ue =up, =Ae RC (3.2.25)
Let Equation (3. 2. 23) and Equation (3. 2. 24) be equal at time t =0, obtain
I,R=A (3.2.26)
Therefore, when t>>0, the waveform of the capacitor voltage is
uo=1I,Re /"¢ (3.2.27)

The solution diagram is shown in Figure 3. 2. 3(b).
Generally speaking, a circuit composed of a resistor and a capacitor. If the initial

value of the capacitor voltage is u - (0), the waveform of the capacitor voltage at t >0 is

| J 64



up =up(0)e V/RC (3.2.28)
3.2.2 Properties of Exponent

Since decay exponents often occur in the solution of simple RC and RL transient
problems, discussing certain properties of these functions here will be beneficial for
plotting their graphs.

The general form of an exponential function is

r=Ae " (3.2.29)
The starting slope of the exponent is
dz ) _ —A (3.2.30)
dt =0 T

Therefore, by extending the initial slope of the curve as a straight line to intersect
with the time axis, the intersection occurs at t =7, which is independent of the value of
A, as shown in Figure 3. 2. 4(a).

In addition, notice that when t =7, the function in Equation (3. 2. 29) becomes

Jc(t=‘r)=é (3.2.3D
e

In other words, the function reaches its initial value of 1/e, regardless of the value
of A. This is depicted on the exponential curve in Figure 3. 2. 4(b).
Since e °=0. 0067, it is generally assumed that ¢ is greater than 5 time constants. 1. e.
t > 57 (3.2.32)
The function is essentially already 0, which implies that the transient process is
assumed to have concluded.
We shall see later that these properties of the time constant 7 are very useful for

estimating roughly the duration of exponential growth or decay.

Ae' A

A A
0.84 0.84
0.64 - . 0.64 |
0.44 tnrme constant T 0.44 time constant 7
0.24f 024 X

o) T\2lr3‘r4751 ¢ I5) T 2737 4z 57 t
(a) (b)

Figure 3.2.4 Properties of exponents

(33 Superposition Theorem and Its Application

3.3.1 Superposition Theorem

The voltage or current of any branch generated by the combined action of m
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independent voltage sources and n independent current sources in a circuit is equal to the
algebraic sum of the corresponding branch voltage or current components generated by
the separate action of each independent power source, where all branch voltages or

current components take the same reference direction.

m—+n m—+n
yzzyi:ZKﬂi (3.3.D
i=1 i=1
Vv, =y ‘ ﬂﬁéi.rj =0=K,x;,s i,j=1:2,ym+n (3.3.2)
y=u ori
T; =ug O ig; (3.3.3)

When a particular independent source acts alone, it is equivalent to setting all other
independent sources in the circuit to zero, i. e., short-circuiting independent voltage
sources and open-circuiting independent current sources. Controlled sources, however,

do not fall into the category of acting alone or being set to zero.
3.3.2 Application of Superposition Theorem

To determine the voltage or current in any branch of a circuit due to the combined
action of several independent sources, it is only needed to calculate the respective
branch voltage or current components produced by each independent source acting alone
and then superimpose these components.

Example 3.3 In the circuit shown in Figure 3.3.1, ug=0. 0lcost (V), determine
the voltage u,.

24kQ g

us e 2.2kQ

1007, [ 100k [

v e 0.7V

Ps

ks

Figure 3.3.1 Example 3. 3 circuit

Solution: When all DC power supplies act (as shown in Figure 3. 3. 2), there is

1—0.7
IRl —m ~ 0. 0115(mA)

100 B 4><1oo>_ B N
U(,—4+100 X 12 100><O.0115(4+100 =11.5—11.5X3.85=7.08(V)
When AC power supply acts alone(as shown in Figure 3. 3. 3):

. 0.0lcost i
RSy g g 0. 0004cost (mA)



4 X100
ue =—100 X 0.0004cost (ﬁ) = —0. 04cost X 3.85 =— 0. 15cost (V)
24kQ I
+
2.2kQ
4kQ
W+ @ Uso
© oor Y 1002

0.7v 12V

Figure 3.3.2 Example 3. 3(a) Diagram

24kQ g

&
2.2kQ il
i o
0.7V 12v
+ _

Figure 3.3.3 Example 3.3(b) diagram

| S

The output voltage after superposition is
uo=Ugy+uy="7.08—0.15cost (V)

34 Network Equivalence with the Application of Thevenin’s ##»

Theorem and Norton’s Theorem

3.4.1 Network Equivalence

A single-port network is a circuit that has only one external port. A network that
is connected to other circuits only through two terminals is referred to as a two-terminal
network. When the port characteristics of the two-terminal network are emphasized
without concern for the internal situation of the network, the two-terminal network is
called a single-port network, or single port for short. Active single-port contains an
independent power supply, generally represented by N. Passive single port does not
contain an independent power supply and is generally represented by Nj.

The external circuit refers to the other parts of the circuit connected by a single

port, and the external characteristics of the single port are determined by the

port VCR.
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If two single port ports have the same VCR, a single port network can be referred
to as external equivalence. Two equivalent single ports have the same effect on the
external circuit, but their internal structural parameters can be completely different.

The single port circuit is shown in Figure 3. 4. 1.
N External <:> N, External
. circuit circuit

Figure 3. 4.1 Single-port circuit

A single-port equivalent circuit is the simplest circuit that can reflect a port VCR.

Example 3.4 Are the two single-port networks shown in Figure 3. 4. 2 equivalent?

I
I
I
I
I
: le[
I
I
I
I

Figure 3.4.2 Example 3. 4 circuit

Solution: For both single-port networks, the terminal ( VCR) is equivalent,
characterized by U=1.

(1) For both single-port networks, the effect on the external circuit is I = —1mA;

(2) The internal one of the two single ports is a 1k resistor, and the other is two
2kQ resistors in parallel.

Example 3. 5  Are the two single-port networks as shown in Figure 3. 4. 3

equivalent?

\
[
[
[
[
: v le[
[
[
[
[

Figure 3.4.3 Example 3.5 circuit

Solution: For both single-port networks, the terminal ( VCR) is equivalent,
characterized by U=1V.

(1) For both single-port networks, the effect on the external circuit is  =—1mA;

(2) The internal one of the two single ports is a 1V voltage source, and the other is

a 1V voltage source in parallel with a 1kQ resistor. The single-port equivalent circuit is



the 1V voltage source.

3.4.2 Thevenin’s Theorem and Norton’s Theorem

1. Thevenin’s theorem
The port characteristic of any active resistance single port N is equivalent to a series
of voltage source resistors, and this circuit is called Thevenin equivalent Road, as

shown in Figure 3.4.4. Where the voltage source u, is the port open voltage of N.

C
Resistance R is the equivalent resistance of single port N of passive resistance which
corresponds to the original network N with all independent sources set to zero. This

resistance is known as the Thevenin equivalent resistance.

—

o

|

|

[

| |

| |

| |

N T — 'C) Uy, Lo

| |
— | |

| |

| I

Figure 3.4.4 Thevenin equivalent circuit

The port VCR of the Thevenin equivalent circuit is
u=u, +Ri (3.4.D
The meaning of Thevenin’s theorem:
(1) It is established that any active resistor single-port can be equivalently
represented as a series connection of a voltage source and a resistor;

(2) Provides methods for simplifying an active resistance single port.
2. Norton’s theorem

The port characteristic of any active resistance single port N is equivalent to the
current source resistance in parallel, which is called Norton equivalent circuit, as shown

in Figure 3.4. 5. Where, the current source i is the port short circuit current of N,

c
and the resistance R is the equivalent resistance of the passive single-port network N ,
obtained by setting all independent sources within network N to zero. This resistance is
referred to as the Norton equivalent resistance, and it is also known as the Thevenin
equivalent resistance.

The port VCR of the Norton equivalent circuit is

i=—i,.Tu/R, (3.4.2)
The meaning of Norton’s theorem:
(1) The single port of any active resistance is equivalent to the parallel current

source resistance H

(2) Provides the method of simplifying the active resistance single port.
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Figure 3.4.5 Norton equivalent circuit

3. The equivalence of Thevenin’s theorem and Norton’s theorem

1) The equivalent transformation of the Thevenin/ Norton equivalent circuit

The port VCR is the same if an active resistance single port N can be equivalent to
both the Thevenin and Norton equivalent circuits.

Port VCR of Thevenin equivalent circuit:

u=u, +R,i
Port VCR of Norton equivalent circuit:
i=—i,+u/R,

R, #0 u 1 1
i=— +s5u=—i, +t5u (3.4.3)

u=u, t+R,i

uOC

R

o

In the formula, i =

As long as the resistance of the Thevenin equivalent circuit is not zero (not a
voltage source branch), it can be converted to a Norton equivalent circuit.
1 R, # oo

Z:*Z\C+I€7u

w=R,i +Ryi=u, +R,i (3.4.4)

o
Where v =R i..

As long as the resistance of the Norton equivalent circuit is not infinite (not the
current source branch), it can be converted to the Thevenin equivalent circuit.

2) When the equivalent transformation of the Thevenin/ Norton equivalent circuit

(1) R, takes the same value but is connected in a different way.

(2) The direction of the u,, is opposite to the direction of the 7 ..

c

Another way to find the Thevenin/ Norton equivalent resistance R :

. uOC . u
ZSC:R Or uOC:ROlSC4>R0:l'

o Sc

oc

There is no need to set all independent sources within the active resistor single-port
N to zero to obtain the corresponding passive resistor single-port N and then calculate
the equivalent resistance. Instead, one can directly determine u . and i . within N, and

the ratio of these two values yields the equivalent resistance R .

70



3.4.3 Application of Thevenin’s Theorem and Norton’s Theorem

Thevenin's theorem and Norton’s theorem are primarily used for determining the
voltage or current in a particular branch or the dynamic circuit of a single dynamic
component within a resistive circuit. The resistive circuit outside the branch under
consideration is represented as an active resistor single-port using Thevenin’s equivalent
circuit and Norton’s equivalent circuit.

(1) The two steps for finding the Thevenin equivalent circuit and Norton
equivalent circuit of an active resistor single port.

Firstly, calculate the open circuit voltage u, or short circuit current 7, of N port,
and then calculate the Thevenin/Norton equivalent resistance of N,

There are two methods to calculate the equivalent resistance R : one is the
external power supply method, which adds a current source to the N, (all independent
power sources within N are set to zero) port corresponding to N to calculate the port
voltage, or adds a voltage source to the port to calculate the port current; The second is

to simultaneously calculate the u,, and i of N, and the ratio of the two is R .

C

Example 3.6 Find the Thevenin equivalent circuit and Norton equivalent circuit of
an active resistor single port as shown in Figure 3. 4. 6.

Solution: When calculating the open circuit voltage u,. of port N (I =0, as shown

C

in Figure 3. 4.7), there is

18 6 X 12
Uy =5 X 12— (105 ) X 2= 12— 8 =4V
1246 1246
6kQ 6kQ I=0
B —
18V 2mA 12kQ 18v( 1) 2ma(y 12kQ| | U
Figure 3.4.6 Example 3. 6 circuit Figure 3.4.7 Example 3. 6 diagram (1)

When calculating the short-circuit current I, of port N (U=0, as shown in Figure
3.4.8), there is

ISC:%—2:3—2:1<mA>

There are two methods for calculating the Thevenin equivalent resistance and
Norton equivalent resistance R : one is the external power supply method (as shown in
Figure 3. 4. 9), where N corresponds to N, (with an 18V voltage source and a 2mA
current source set to zero within N) and a current source I is added to the port to

calculate the port voltage U.
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U 6X12
R, =7 =151 =4k
6kQ I
[ | S ) +

+
12kQ %
2mA 12kQ U=0

Figure 3.4.9 Example 3. 6 diagram (3)

Figure 3 Example 3. 6 diagram (2)

The second is the ratio of U, and I, of N (as shown in Figure 3.4.10):

R Uoe _ 4 1kQ
° - ISC - T -
Skl
18V 2mA 12kQ

2 Y

4kQ
4v ImA 4kQ

Figure 3.4.10 Example 3. 6 diagram (4)

Example 3.7 In the active resistor single port shown in Figure 3. 4. 11, ugq=

0. 05cost (V) , calculate its Thevenin equivalent circuit.
Solution: As shown in Figure 3. 4. 12, when calculating the open circuit voltage u,

of port N, i=0.

5 — 0. 05cos
2D ICosE 0. 02cost (V)

=2 X
! 2+3
Uy, =—4X (2—0.02cost —1.5) X 2=—4+40. 16cost (V)
i=0
+ + +
2kQ | | up 3kQ || Auri=0.75up;) 2kQ | | up 3kQ |4 (upi=0.75upy)
- , 2kQ - 2kQ e
us( T sv(t Lsv(* us( sv(? 1sv(*

Figure 3.4.11 Example 3.7 circuit Figure 3.4.12 Example 3.7 diagram(1)

The external power supply method is used to find Thevenin equivalent resistance
R, as shown in Figure 3.4.13. The ug, 5V and 1. 5V voltage sources are set to zero,

and the current i is added to the N, port corresponding to N to find the voltage u.



up, =0
4LLR1 —O
u =21
u
ROZfZZ(kQ)
1
i
+
4
2%kQ| | R 3KQ At KO u

ki @
Figure 3.4.13 Example 3.7 diagram(2)

The final Thevenin equivalent circuit in Example 3. 7 is shown in Figure 3. 4. 14.

e :r ____________________ —
I |
I 2kQ | | upt  3kQ 3 ‘
| 4(u1e1__u/e1) |
- 4
I + 2kQ D I
| s 5V :
| - |
I T T
P 2%kQ
| L J f
| [
\ + \
= ! —4+0.16 costV |
| ;. \
\ [
\ L

Figure 3. 4. 14 Final Thevenin equivalent circuit of Example 3.7

(2) Find the voltage or current of a branch in the resistance circuit.

For the resistive circuit outside the branch of interest, represent it as an active
resistor single-port using Thevenin’s equivalent circuit and Norton’s equivalent circuit.
Then, calculate the branch voltage or current for a single-loop circuit or a single
independent node circuit (resistor voltage divider circuit or resistor current divider
circuit). After converting to a single-loop circuit, there are specifically two forms:

D Resistor voltage divider circuit; a number of resistors and a voltage source
composed of a single loop circuit. A resistor voltage divider circuit composed of two
resistors and a voltage source, as shown in Figure 3. 4. 15.

Loop current:

ug=u, +u,=R;i+R,i={® R, +R,)1
1
TR, FR,

Voltage division across each resistor;

i
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R, R R,

n resistors and a voltage source composed of resistance a resistor voltage divider

u, =R,i=

circuit
voltage division formula

R.

1

2R,

i=1

u;

Ugs i =1,2,n (3.4.5)

@ Resistor current divider circuit; A single independent node circuit composed of
several resistors and a current source. A resistor current divider circuit composed of two

resistors and a current source, as shown in Figure 3. 4. 16.

0 3
ou - +
- USG) Gy H G, H u
Us t Ry | |up T _
Figure 3. 4. 15 Resistor voltage divider circuit Figure 3.4.16 Resistor current divider circuit

Voltage at both ends of parallel resistor:
ig=i, +i,=Gu+Gu=(G, +G,u

1 .
Current divided by each resistor:
G G, R,
1 1u G1+G2157R1+R215
G R
i,=Gyu= : 1

Resistor current divider circuit composed of n resistors and a current source:

Diversion formula

G.

. i
1

.59 i:1’2""9n (3.4.6)

S —
2.6,

i=1

i

Example 3.8 Calculate the current i of the bridge circuit shown in Figure 3. 4. 17.
If i=0 (bridge balance) is required, what relationship should be satisfied between the
bridge arm resistances?

Solution: When calculating the open circuit voltage u,, of a single port N of an
active resistor other than R; , i=0, as shown in Figure 3. 4. 18.

T s o
= — u
Ry +R, R;+R, °

Upe U, T Uy
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Figure 3.4.17 Example 3. 8 circuit Figure 3. 4.18 Example 3. 8 diagram(1)

The method for calculating the equivalent resistance R, of Thevenin is the external

power supply method (as shown in Figure 3. 4. 19), where a current source 7 is added to

SPOYIdN sisk[euy jmoar) [Fasrdey)

the N, (ug within N is set to zero) port corresponding to N, and the port voltage u is
calculated.
For this example, the resistance R, in the Thevenin equivalent circuit (as shown in
Figure 3. 4.20) is
R,=(R, // R, + (R, J/R)

UOC

3

a b

Figure 3.4.19 Example 3. 8 diagram (2) Figure 3.4.20 Example 3. 8 diagram (3)

Find the i of the resistor voltage divider circuit:
e e 7
_ U
- oc R, +R, R;+R,
" R,+R, (R, /R)+ R,/ R)+R,
When : =0, there is

u

i

RZ o R4 =0
R1+R2 R3+R4

RZ R4
R, +R, R,+R,
R,R; =R R,

Example 3.9 In the circuit shown in Figure 3. 4. 21,uq=0. 05cost (V) , calculate

the voltage u,.

A(up1=0.75up,) 2kQ

2kQ [ Uo

S—

1.5V i

L

Figure 3.4.21 Example 3.9 circuit

Solution: To determine the Thevenin’s equivalent circuit of the active resistor
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single-port N external to the series combination of a 2k{) resistor and a 10V voltage
source, as shown in Figure 3. 4. 22.

As shown in Figure 3. 4. 22, calculate the voltage u(, of a 2kQ resistor and a 10V
voltage source in series, as shown in Figure 3. 4. 23.

ug 222? X (—14+0.16cost) + 10 =34 0. 08cost (V)

2kQ

2kQ

—4+0.16cos#(V)
—4+0.16cos/(V)

Figure 3.4.22 Example 3.9 diagram (1) Figure 3. 4.23 Example 3.9 diagram (2)

(3) To determine the voltage or current in the dynamic branch of a single dynamic
component’s dynamic circuit, represent the resistive circuit outside the dynamic branch
under consideration as an active resistor single-port using Thevenin’s equivalent circuit
and Norton’s equivalent circuit. Then, formulate and solve the differential equations for
a single-loop circuit or a single independent node circuit to find the dynamic branch
voltage or current.

Example 3. 10 In the circuit shown in Figure 3. 4. 24, when the capacitor is

inserted in the circuit at ¢+ = 0, meanwhile «(0)=0, calculate the voltage of the

6kQ
i
18V 2mA 12kQ 25uF = u

Figure 3. 4.24 Example 3. 10 circuit

capacitor when r=0.

Solution : Determine the Norton equivalent circuit for a single port N with an active
resistance external to a 25puF capacitor, as shown in Figure 3. 4. 25. Determine the

voltage u for the circuit with a single independent node, as shown in Figure 3. 4. 26.

: +

ImA D 4&Q D lmACD KO H -

Figure 3.4.25 Example 3. 10 Norton Figure 3.4.26 Example 3. 10 single independent

equivalent circuit node circuit

According to the nodal analysis KCL, the following equations are derived:



s d 1 ~
25X 107° & Tt TIX10T =0
X
u(0) =0
wu=Ke " +4(V), =0
u(0) =0

u=4(1—¢e")(V), t=0

(35 Nodal Analysis Method »»
3.5.1 Node Voltage

The circuit example is shown in Figure 3. 5. 1.
In Figure 3. 5.1, the number of branches 5=5, and the branch voltages are u, ,u, »

ugsu; su; . The number of independent nodes is » —1= 2, which is less than the

1 tsp "
number of branches 6 =5.

Choose any node as the reference node, also known as the ground node. After

selecting the reference node, the voltages of the remaining independent nodes with

respect to the reference node are the node voltages, denoted as u, and u,, , respectively.

u, + M-y
+ B .
im(*) U H R, uy | |Ry <>isz
=

Figure 3.5.1 Circuit diagram illustrating node voltages

The KVL equation with node voltages as variables is as follows:
—u, + (u, —uy) +u, =0
—KVL does not impose linear constraints on node voltages:
u, tu; =0

—uy, + u;, =0
Combining the VCR with the KCL equation where node voltages are the variables,
the equation is as follows:
Gru, +G3u, —u) —igg = (G + G u, —Gyuy, —ig =0
Gouy, =Gy (uy, —up) tigg =—Ghu, +(Gy + Gy uy, +ig =0

The relationship between branch voltages and node voltages is as follows:

U, =u,
Uy =uy,
Uz — U, — Uy

spoyIdIN sisk[euy 3moary [Faardey)
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U;, =Uuy
Node voltages possess the following characteristics:
(1) Independence—KVL does not impose linear constraints on node voltages.
(2) Solvability—There are n —1 node voltages and n —1 equations combining VCR
and KCL with node voltages as variables.
(3) Completeness—All branch voltages are linear combinations of node voltages.
From the above analysis, it can be seen that the node analysis method takes the
node voltages as variables, formulates n —1 KCL equations combined with VCR, and

solves for » — 1 node voltages. After solving, the voltages and currents of the &

branches can be determined.
3.5.2 Writing the Node Equation

Example circuit as shown in Figure 3. 5. 2.

TOR or

= 2

Figure 3.5.2 Circuit diagram illustrating node equations

Combining the VCR with node voltages as variables, the KCL equation is listed as
follows:
Gru, Gy, —uy) =i = (G +G)u, —Gyuy, —ig =0
Gouy =Gy lu, —u) tigg=—Gyu, + (Gy TGy uy +ig =0
(G, +Gu, —Gyuy =ig
—Gou, Gy TG uy, =g
The self-conductances G, and G, of nodes a and b are the sum of the conductances
of the branches connected to nodes a and b, respectively. Therefore, G,, =G, +G,,
G, =G, +G, and
Gy +Gu, —Gauy, =iy
—Gou, TGy TG uy, =iy
The mutual conductance between nodes, G,, =G, » is the sum of the conductances
of all branches that are connected to both nodes a and b. Thus. G, =G,,=G.
The sum of the currents flowing into nodes a and b, ig,, and ig, , respectively,
Lsaa—ls1s Tsph—  Lspe
(1) Node equations for a resistive circuit without voltage sources and controlled



sources are formulated. For a circuit with b branches and n nodes, there are n —1 node

equations:
n—1
D EGu; =ig s i=1.2.0 0 —1 (3.5.1)
i=1

When j =i, G,

;; represents the self-conductance of the node i. When j #i, G

ij
represents the mutual conductance between nodes 7 and j. ig;; represents the sum of the
current sources flowing into node i. The positive or negative sign in front of the
conductance depends on whether it is a self-conductance or a mutual conductance. For
self-conductance, it is taken as positive, and for mutual conductance, it is taken as
negative.

Example 3. 11 Calculate the power of the current source in the circuit shown in
Figure 3. 5. 3.

Solution: Assuming a reference node and node voltages U, , U,, and U, as shown

in Figure 3. 5. 4.

0.5kQ 1kQ U, 05kQ U, 1kQ U
1kQ 2mA 1kQ 1kQ 2mA 1kQ
36 : 26
Figure 3.5.3 Circuit for Example 3. 11 Figure 3.5.4 Solution diagram for Example 3. 11

Based on the node voltages, the node equations are acquired using (KCL). This
results in the following system of equations:
J(l +2)U, —2U, =3U, —2U, =0
«—2U, +CQC+ DU, —-U, =—2U, +3U, —U, =—2
—U,+0+DU, =—U, +2U; =0

By solving the system of equations, solutions founded are:

8
U=—=2V

12
U, ===V

6
Uy=—2V

24

P =2U, =2(—12/1) == (mW)

(2) Formulation of node equations for a resistive circuit containing voltage sources
but without controlled sources.

If a voltage source is only connected to one node, the voltage source determines the

SPOYIdN sisk[euy jmoar) [Fasrdey)
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voltage at that node, and it’s unnecessary to write the node equation for that node.
When a voltage source is associated with two nodes, it imposes a constraint on the
voltage between these nodes (supplementary equation). When formulating the node
equation for such a node, consider the current through the voltage source as an
unknown, treating the voltage source as a current source for this unknown current; the
rest is formulated similarly to the node equations for a resistive circuit without voltage
sources and controlled sources.

Example 3. 12 Calculate the current I in the circuit shown in Figure 3.5. 5.

Solution: Assuming a reference node and node voltages U, , U,, and U, as shown

in Figure 3. 5. 6.

20kQ 10kQ U, 20kQ U, 10kQ U;
I I
+ +
10V( _ 30kQ 2mA 10V( _ 30kQ 2mA
Figure 3.5.5 Circuit for Example 3. 12 Figure 3.5.6 Solution diagram for Example 3. 12

Determine the voltage at node 1:

U, =10V
The node equations for node 2 and node 3 are as follows:
1 1 1 1 1 1 11 1
— 55U+ (55 T35 T 35) Uz = 76Us = — 55 X 10+ 50Uy — 7U; =0

1 1
- _ — 2
1oU2 . 10U3
Solution obtained:
11U, — 6U, =30

—U, +U, =20
U, =30V
U, =50V

I =U,/30=30/30=1(mA)
Example 3. 13 Calculate the voltage U in the circuit shown in Figure 3. 5. 7.
Solution: Assuming a reference node and node voltages U, ,U,, and an unknown
current I for the voltage source, as shown in Figure 3. 5. 8.
The constraint relationship between the voltage at node 1 and the voltage at node 2
(supplementary equation) : U, —U, =3V

The node equations for node 1 and node 2 are as follows:



3V
3V U + /N - U,
e ¢
¢ T,
+
2mA R ImA
2mA ke || R el v (f)ima ke || R k|| v
Figure 3.5.7 Circuit for Example 3. 13 Figure 3.5.8 Solution diagram for Example 3. 13
U, =2—1
U,=1—1
U, +U, =1
U, —U,=3
U, =2V
U, =—1V
I=0
U=U,=—1V

An alternative solution for Example 3. 13
Assuming a reference node and node voltages U, and U, as shown in Figure 3. 5. 9.

3V
U eat M, T
Nt T

2mA 1kQ | | Ry 1kQ| | U ImA

Figure 3.5.9 Solution diagram for Example 3. 13(2)

Determine the voltage at node 1;

The node equation for node 2:
-U,+a+nu,=-U,+2U,=—3+2U,=1—2=—1
U, =1V
U=—U,=—1V
(3) Formulation of node equations for circuits with controlled sources and
resistors.
Convert the control variable of the controlled source into node voltages, treat the
controlled source as an independent source in the equation formulation, and then
rearrange the terms by moving them to the appropriate side of the equation. This

process is otherwise identical to the formulation of node equations for circuits without
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controlled sources.
Example 3. 14 Calculate the current I in the circuit shown in Figure 3. 5. 10.
Solution: Assuming a reference node and node voltages U, ,U,,U, as shown in

Figure 3. 5. 11.

2%hQ 2hQ
4kQ 4kQ . %O U, 4KQ | U
1
I I
O ®
3 I 4kQ -
2 o %

Figure 3.5.10 Circuit for Example 3. 14 Figure 3.5.11 Solution diagram for Example 3. 14

Determine the voltage at node 1:
U, =2V
The controlling quantity of the controlled source can be converted to U, /4.

The node equations for node 2 and node 3 are as follows:

—%Ul + (%+%)U2—%U3 :—%x2+%U2 —%Ug :—1:—%
Lo (e o e o,
Solution obtained:

U, =1V

—U, +4U, =4V

U, =2V

U, =1V

U, =1.25V

I1=U,/4=1.25/4=0.3125(mA)
"3.5.3 Series RC Circuit with A Step Input

The series RC circuit with a step input is shown in Figure 3. 5. 12.

Assume that the waveform ug is a step voltage with an amplitude of U, which is
applied to the circuit at £ =0. However, this time, assume that the capacitor has a
voltage of U, before the step, meaning that the initial condition of the circuit is as
follows:

u- =U, (3.5.2)
Using the nodal analysis method, we can obtain the differential equation. Applying
KCL to the node with voltage u, we have:

 §82



Uy
uc(0) =up

—_— e u, (1)

(a)
U
U
0] t
U
Uy
(0] t
U
U-U,
R
0] t
(b)

Figure 3.5.12 Series RC circuit with a step input

et o e (3.5.3)
R dr o
Dividing both sides of the equation by C and rearranging, we get:
due wue  uy
L C=_1 5.4
dt  RC RC 3.5.0
The homogeneous equation is:
du - U
Y (3.5.5)

&t ' RC
As expected, this equation is the same as the Equation (3. 2. 7) that represents the
Norton equivalent circuit, because the Norton equivalent circuit and the Thevenin
equivalent circuit are equivalent. By borrowing the homogeneous solution from
Equation (3. 2.7), we have:
wey, =Ae RC (3.5.6)
In the equation, RC represents the time constant of the circuit.
Then find the particular solution. Since the input is a step signal with an amplitude
of U, the particular solution satisfies:
duc, 4 Ucp U
dt RC RC

Since the power source is a step function and becomes a constant at large ¢, let’s assume

(3.5.7)

that the particular solution has the form:
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ue, =K (3.5.8)
Substituting Equation (3. 5. 8) into Equation (3.5.7):

K U

RC " RC (3.5.9)
This indicates that K =U. Therefore, the particular solution is:

ue, =U (3.5.10)
Adding u ¢y, and u, together, we obtain the complete solution as:

we =U—+Ae /K€ (3.5.1D)

Now we can use the initial condition to determine A. Since the voltage across the

capacitor must be continuous at t =0, we have:

uc-(t=0)=U, (3.5.12)
Therefore, at t=0, we can deduce from Equation (3.5.11) that:
A=U,—U (3.5.13)
The complete solution for the voltage across the capacitor for t >0 is:
ue =U+ U, —Ue /K (3.5.14)

In the equation, U represents the input driving voltage for >0, and U, represents the
initial voltage across the capacitor.

Let’s do a quick verification: Substitute ¢ = 0, obtain solution u,. (0) = U;
Substitute ¢ = <o, obtain solution u, (©2) = U. Both boundary conditions are as
expected, with the initial value of the capacitor voltage being U,, and after a long
period of time, the voltage from the source will be fully applied across the capacitor.

By rearranging the terms in Equation (3. 5. 14), the following equivalent form is

obtained:
ue =Uge "R+ U@ —e /R (3.5.15)
The current flowing through the capacitor is given by:
. du(; U - UO DA
e — ?:Te 1/RC (35.16)

The expression for i also matches the expectation, as when ¢ is very large, i, will be
zero. At t =0, the capacitor acts like a voltage source with a voltage of U,, so the
current at t =0 will be (U—U,)/R.

These waveforms are shown in Figure 3.5.12(b).

If we want to find the voltage across the resistor, uy » we can easily apply KVL to
obtain:

Up =u; —ue (3.5.17)

Where the input terminal of the resistor is taken as the positive reference direction
for uy.

Alternatively, taking the product of the current and the resistance will also give the



voltage across the resistor uy as:

up =1cR (3.5.18)
Equation (3.5.14) was derived under the assumption that the initial condition (U,) and
the input (step signal U) are both non-zero.

Substituting U=0 into Equation (3. 5. 14), obtain the equation:

we =Uye /K¢ (3.5.19)
Substituting U, =0 into Equation (3. 5.14), obtain the equation:
ue =U—Ue "'K¢ (3.5.20)

The total response is the sum of the two equations, by adding the right sides of
Equation (3. 5. 19) and Equation (3. 5. 20), and comparing it with the right side of
Equation (3.5.14), then are able to prove this theory.

3.5.4 Series RC Circuit with Square Wave Input

The study of the waveforms in Figures 3. 2. 3(a) and 3. 2. 3(b) shows that the
presence of the capacitor changes the shape of the input square wave. When a square
wave pulse is applied to an RC circuit, the resulting pulse is not a square wave; it rises
and falls slowly. The capacitor allows the circuit to perform certain waveform shaping.
This concept can be further established through experiments with square wave driving.

In this experiment, the Thevenin equivalent circuit shown in Figure 3. 5. 13 is
used. The power supply can be a standard laboratory square wave generator. The input
square wave is labeled as 1 in Figure 3. 5. 13. Depending on the relationship between the
period of the driving square wave and the time constant RC of the network, various
distinct waveforms of u () can be obtained. These waveforms are variations of the
solutions obtained earlier.

When the time constant of the circuit is much shorter compared to the period of the
square wave, the exponential decay occurs relatively faster, as shown in waveform 2 in
Figure 3. 5.13. The capacitor waveform closely resembles the input waveform, except
for some small rounding at the corners.

If the time constant occupies a significant portion of the pulse duration, the
waveform of the solution will be as shown in waveform 3 in Figure 3. 5. 13. Note that
the graph indicates that the transient process is still almost nearing its end. Therefore,
to apply this solution, the product of RC must have an upper limit. As mentioned
above, assuming that the simple transient process ends after a time greater than 5 times
the time constant, the product of RC must be less than 1/5 of the pulse length or 1/10
of the square wave period to apply this solution.

When the time constant of the circuit is much larger than the period of the square

wave, the resulting waveform is as shown in waveform 4 in Figure 3. 5. 13. In this
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R
* up — i(
+
ul(l) C == Ug
O "
(a)
U
1
o t
2 (-
(®)
U 2
34— \ R
/ M- L i
of . \ TEsilEE \ t
J \ / \
4 S S
(©

Figure 3.5.13 Response of series RC circuit to square wave input

case, the transient process clearly has not ended. In fact, only the first part of the
exponential function is observed. The waveform appears like a triangular wave, which
is the integral of the input waveform. This can be seen from the differential equation
describing the circuit. Applying KVL yields:

u;, =icR +u, (3.5.2D)
Utilize the voltage-current relationship of the capacitor to derive the differential

equation:

du ~
«, =RC %—Fu(; (3.5.22)

It is evident that, based on Equation (3. 5. 22) or Figure 3. 5. 13, as the time constant
of the circuit increases, the voltage across the capacitor, u,» will decrease. In the case
of waveform 4, where the time constant RC is significantly large,u<<u,;. Hence, in
this scenario, Equation (3.5.21) can be approximately expressed as:

(3.5.23)

From a physical standpoint, the current now only depends on the driving voltage and

u, =~ iR

the resistance, as the capacitor voltage is nearly zero. Assuming u, can be neglected,

integrating both sides of Equation (3.5.22) ;

U 1Juldt+K (3.5.24)

¢~ Re



In the equation, the integration constant K is equal to zero. Therefore, when RC is
large, the voltage across the capacitor is approximately the integral of the input
voltage. This is a very useful signal processing property.

It is straightforward to calculate the voltage across the resistor in the circuit shown
in Figure 3. 5. 13 (a) (as the current can be obtained from the voltage across the
capacitor) :

du
ug =icR :RC? (3.5.25)
Considering the charging time period as an example and assuming that the transient
process has already concluded, we can derive from Equation (3. 2. 22);
ue =U —e "R (3.5.26)
Therefore
up =Ue /K¢ (3.5.27)
If the average value of the input signal u, is zero, meaning that u, varies between —U/2 and
+U/2, the waveforms in Figure 3. 5. 8 will undergo minimal changes. Specifically, the
average value of u, will also be zero. When the transient process has concluded, as

depicted in waveforms 2 and 3 in Figure 3. 5. 14, the offset will be —U/2 and +U/2,

respectively.

<

(36 Phasor Model for Sinusoidal Steady-State Circuits

3.6.1 Dynamic Circuits Driven by Sinusoidal Signals

Example 3. 15 Consider the circuit depicted in Figure 3. 6. 1, where the current
source i g =>5cos(101+45°) (mA). The switch is closed at ¢ = 0, and it is known that

ue(0)=0. Determine the values of u( supsugsi- and iy for sufficiently large values of z.

Solution: Based on the application of KCL at oo .

the node, we can deduce:
Is 0.25kQ 0.3mF == uc
duc o

03?+4HC:5COS(1OI+45)9 t}O _

ue(0) =0 Figure 3.6.1 Sinusoidal excitation
Solving the differential equation yields the solution: dynamic circuits

uC:uCh—Q—uCp:KeiT+u(;p(V)s 1‘20
Assume u e, =Ue,cos(10t +¢, )—>
— 10 X 0. 3U ¢, sin(10t 4 ¢, ) 44U, cos(10t + ¢, ) =5cos(102 + 45°)
3 . 4 5 o

———U¢,sin(10t + ¢, ) + ———U(,, cos(10t + ¢, ) = —————cos(10t +45")

3% 447 3% 447 3% 447
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3
Since ¢ =arctan 1136. 9°, the solution:

— U, sin(10z 4 ¢, )sin36. 9° + U, cos(10t + ¢, ) cos36. 9°
=Ug,cos(10t + ¢, 4 36.97) = cos(10z 4 45°)
Uemw =1, ¢, =45"—136.9°=8.1°
And
uc, =cos(10z +8.1%)

40t

Uc :K€73 +COS(10t+8. 10)(V)9 t}o, u(‘(o):O

ue =cos(10r +8.19) —0.99¢ *(V), =0
For sufficiently large values of ¢
ue =cos(10¢ +8.17) (V)
up =ug =cos(10r +8.1°) (V)

=0.3 icos(lOt +8.1°) =—3sin(10z + 8. 1°) =3cos(10z + 98.1°) (mA)

Z.C dt
i :“’S“%’f% — Jeos(10¢ + 8. 19 (mA)

3.6.2 Sinusoidal Steady-State Circuits

Sinusoidal steady-state circuits refer to dynamic circuits that exhibit a steady
response (response at sufficiently large values of z) under sinusoidal excitation. In
sinusoidal steady-state circuits, all branch voltages and currents are sinusoidal

quantities with the same frequency as the excitation signal.

3.6.3 Phasor Representation of Sinusoidal Quantities
1. Phasor representation of the amplitude of a sinusoidal quantity using Euler’s formula
P = cos(wt + @) + jsin(wt + @) (3.6.1)
cos(wt + @) =Re[ " Jsin(wt + ¢) =Im[ ] (3.6.2)
u=U,_cos(wt +¢,) =RelU,, ej<wt+%)] = Re[l.]mej“”]

i =1, cos(wt +¢,) =Re[I_ & " T=Re[I, ] (3.6.3)
The phasor diagram is shown in Figure 3. 6. 2.

The voltage phasor is:

Us /Ly |
- e,
Un =Une 7UmL§Du
oul 0 The current phasor is:
s o,
Figure 3.6.2 Vector graph Im = Ime = ImASDi



2. The effective value and phasor of sinusoidal quantities

Compare the energy consumed by a sinusoidal current passing through the same
resistor in one period with the energy consumed by a direct current in the same
duration. The effective value of the sinusoidal quantity is the root mean square (RMS)
value, and from the perspective of energy consumption, the two currents are

equivalent, thatis, W, =W,

_ [ wn - [T z
17\/'1‘ S (t)dt = T ()Imcos(wz‘+§0i) dr

-
:J%Jolﬁ i[1+cos(2wt+2¢i>jdt (3.6.4)

L —o.7011,
NG

The RMS phasor of a sinusoidal quantity:
u=U,cos(wt +¢,) =.2Ucos(wt + Q)= Re[ﬁUej(wr+(P“>] :ﬁRe[UeW]

i=1_cos(wt +¢;) =./2 I cos(wt + ©;) :Re[ﬁlejwﬂo')] :ﬁRe[jej“’[]
(3.6.5)

The RMS phasor of the voltage is U=Ue"* =U/¢p,

The RMS phasor of the current is I=1¢" =1/¢p,;
U=10,. I=—I,
72 72
The conversion of a sinusoidal quantity to a phasor, and from a phasor and angular

frequency to a sinusoidal quantity are as follows:

i =5cos(314¢ 4+ 60°) (mA) —~I, =5./60°(mA) (3.6.6)

U=—5/—30°=5,150°(V) and w =2x(rad/s)
u =52 cos(2nt + 150°) (V)

3.6.4 Phasor Calculation of Sinusoidal Quantities

Sinusoidal quantities and phasors exhibit the following three properties:
(1) Uniqueness. Let the corresponding phasors be: i, < jl s1y < jz. i, =i,,

then jlzjz;

(2) Linearity. Let i1<—>j1,-",z <—>j”,1here are a i, + - ta,i, <o jl—f—-"—Q—

n n-n

n -

Lo G T

n

. d .
(3) Differentiation. Let i<>1 ,there are leij sy

dt
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%Z%Re[jejw[] =Re[d%j ] =Re[jwj el ]‘-’le (3.6.7)
Example 3. 16  Given i; = sin (2t — 30" (mA), i, = cos (2t +45°) (mA) f{ind
di,
$+222.

Solution: First, the current i, ,7, are expressed as the phasor, as shown in Figure 3. 6. 3.
i, =sin(2¢ —30°) =cos(2t — 12001, =1,/ —120°
i, =cos(2t + 451, =1/45°

21, +21,, =2./90° X1/ —120°+2 X 1./45° =2/ —30° +2./45°
=(1.732 —j1) + (1. 414 +j1.414) = 3. 146 +j0. 414
=3.17/7.5°

di

d—; +2i, =3.17cos(2¢ +7.5°) (mA)

Figure 3.6.3 Example 3. 16 diagram

3.6.5 Phasor Model of Sinusoidal Steady-State Circuit
1. Phasor model of resistor
For any resistor in a sinusoidal steady-state circuit, the VCR equation U=RI or

U, = RI_ is satisfied between the voltage phasor and the current phasor in the

associated reference direction:
u=+2Ucos(wt +¢,) =+2Re[Ue™” ] =Ri =R /2 Icos(wt + ¢,)
=R\2Re[ e ] =/2Re[RIe™ ]
U=RI (3.6.8)

U=U/¢, =RI =RI /¢, (3.6.9)
The effective value or amplitude meets U=RI or U_=RI ., and the voltage phase

is in phase with the current phase, ¢, =¢;. As shown in Figure 3. 6. 4.

U ; 2. Phasor model of inductor

For any inductor in a sinusoidal steady-state circuit
Figure 3.6.4 Vector diagram y y ’

the VCR equation UijLi or Um =jwlL I . is satisfied

between the voltage phasor and the current phasor in the associated reference direction:



u =+2Ucos(wt + ©,) ZﬁRe[UeW ]

di d d . . . .
=L dizl‘ =L aﬁlcos(wt +o¢,)=L aﬁRe[Iem] =/2Re[jwLIe” | -U =jwlLI
(3.6.10)
U=U/¢, =joLl =wL /90°1 /¢, =wLI/ (¢, + 90°) (3.6.11)
The effective value or amplitude meets U =wLI or .
U
U, =wlLI_, and the voltage phase is 90° ahead of the
current phase,p, =¢, +90°. As shown in Figure 3. 6. 5.
3. Phasor model of capacitor
For any capacitor in a sinusoidal steady-state circuit, o -
I
. - 1 S .
the VCR equation U_jcuicl or U, —le is satisfied Figure 3.6.5  Vector diagram
between the voltage phasor and the current phasor in the
associated reference direction:
i =2 Tcos(wt + ;) :ﬁRe[jeW]
d d d . . . .
—C d—‘t‘ =C ZUcos(at +¢) =C - JZRe[Ue" ] =/2Re[joCU™ ] I =juCU
(3.6.12)
U=Usg, = = —90°1 L g, =1/ (o, — 90%) (3.6.13)
- Pu 7ch 7(1)C @i 7wc @i R
o - . . 1
7 The effective value or amplitude meets U:fC orU, =
w
1 .
flm , and the voltage phase lags behind the current phase
w
U

by 90°,¢, =¢; —90°. As shown in Figure 3. 6. 6.

Figure 3. 6.6 Vector diagram 4. Impedance/admittance—phasor form of Ohm’s law

The phasor form of impedance:

Z:gzgém—%):u\é% =R +iX (3.6.14)
I

The phasor form of admittance:
I 1 .
Y="==/(¢;, —¢)=|Y| /¢, =G +iB (3.6.15)
0 U
The Phasor Form of Ohm’s Law
U=z or U, =ZI (3.6.16)

m m

I=YU or I._=YU (3.6.17)

m m
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(1) Impedance/admittance of resistor

7=Y_g
i
: (3.6.18)
i
Y="=G
U

The impedance/admittance of a resistor has only the real part, that is, the
resistance/conductance.

(2) Impedance/admittance of inductor

7=Y ol —iX > X =l

; (3.6.19)
Y:E jol oL
then

wl

The impedance/admittance of the inductor has only the imaginary part, i. e., the
reactance/susceptance, generally known as the inductive reactance/inductance.

The inductance/inductance is not only related to the inductance L, but also to the
angular frequency w.

(3) Impedance/admittance of capacitor

z=-Y- 11 x
I JCO(/ (U(/
then
1

X=",c

Y=£=ij=jB (3.6.20)
U

B =wC

The impedance/admittance of a capacitor consists only of the imaginary part, i.e.,
the reactance/susceptance, generally referred to as the capacitive reactance/
conductance.

The capacitive reactance/susceptance is not only related to the capacitor C, but also
to the angular frequency w.

Example 3. 17 In the circuit shown in Figure 3. 6. 7, the reading of AC ammeter

A, and A, are both known to be 10mA, so find the reading of AC ammeter A.



Solution: Assume parallel branch voltage U=U_,0°;
.U U .
[, == ==_,0"=10/0
TR TR Z Z
I, =jwCU =wCU_/90° =10/90°
[=I, +I,=10/0°410./90° =10+ j10 = 14. 14 /45°
The AC ammeter A reads 14.14mA, as illustrated in Figure 3. 6. 8.

I
1
o 1
Figure 3. 6.7 Example 3. 17 Figure 3. 6.8 Illustration for Example 3. 17

5. Phasor model of independent power supply

For an independent power source with the same angular frequency in a sinusoidal
steady-state circuit, the VCR equation is expressed in terms of voltage or current phasor

(1) Independent voltage source.
VCR equation U:Us or Um:USm ,thus:
u =+2Ucos(wt + ©,) :«/ERe[Uejwt]

=ugq :ﬁUScos(wt + o, :ﬁRe[USej"’t]
Therefore:

U=U, (3.6.21)

(2) Independent Current Source.
VCR Equation: I= Is or jm = ISm , thus:

i =+/21cos(wt + ¢;) —JZRe[Ie ]
(3.6.22)

=iy =+21gcos(wt + ¢,;) :«/?Re[jsej‘”"]
Therefore:
I=Iq
6. Phasor model of controlled power supply
In a sinusoidal steady-state circuit with any controlled power supply, the voltage
phasor and current phasor in the associated reference direction satisfy the following

condition:

SPOYIdN sisk[euy jmoar) [Fasrdey)

Ed B



| § o4

FFREEM (TR )

(1) VCVS.

VCR equation: iIZO, Uz :/lUl or jml =O,Um2 ZpUml it follows that

i, =+21,cos(wt —Q—goi]):ﬁRe[jlej"’t]:O (3.6.23a)
Then:
I, =0
uy, =+/2U,cos(wt +¢,,) ZﬁRe[f]zejw’]
=y, = p2U, cosCwt + ¢, ) =2 Re[pU, ] (3.6.23b)
Then:
U, :#Ul

(2) CCVS.

VCR equation: Ul :O,UZ :rjl or Uml :O,(.sz =rl 1 ¢ it follows that

u, =+2U, cos(wt +¢,,) =+2Re[U, " ] =0 (3.6.24a)

Then:

U, =0

u, =~2U,cos(wt + ¢,,) ZﬁRe[Uz ] (3.6.24b)

=ri; =r21,cos(wt +¢,;) ZﬁRe[rilejw[]
Then:
U, =rl,

(3) VCCS.

VCR equation: leO,jz ZgUl or Uml =O,Um2 =rl 1 » it follows that

i, =+21,cos(wt —Q—goi]):ﬁRe[jleW]:O (3.6.25a)
Then:
I, =0
i, =+21,cos(wt + ¢@;,) :ﬁRe[izew]
—gu, =g 2U, cos(wt + ¢,,) =2 Re[ gU, e ] (3.6.25b)
Then:
jz :gUl
(4) CCCS.

VCR equation: U] ZOJZ ZBi] or Uml =O,im2 ZBI w1 » it Tollows that

u, =+2U, cos(wt + ¢, ) :ﬁRe[UleW]:O (3.6.26a)
Then:



U, =0
iy, =+21,cos(wt + ¢@;,) :ﬁReUZejwt]
=pBi, =B21, cos(wt + ¢, ) =2 Re[pl, e ] (3.6.26b)
Then:
jz :le
7. The phasor form of Kirchhoff’'s law
1) Phasor form of KCL

The algebraic sum of all branch current phasors flowing into any node in a

sinusoidal steady-state circuit is equal to zero.

KCL equation: Z —_b—jk —0or Z i_jmk —0. then
k=1 k=1
2 i, = E +./21,cos(wt + ¢,,) = E iﬁReUkej“”]
et k=1 k=1
=VZRe[2) £l & [=0—> 2] I, =0
k=1 E=1

2) Phasor form of KVL
The algebraic sum of voltage phasors around any closed loop in a sinusoidal steady-
state circuit is equal to zero.

KVL equation: E i[.]k =0or 2 iUmk =0, then

k=1 k=1

D tu, =D, +2U, cos(wt +¢,) = > ++2Re[U, e ]

k=1 k=1 k=1

=./2Re [i —_‘—Uk ej“’t] =0

k=1

+U, =0
k=1
1, =2 41, Ly =0 (3.6.27)
k=1 k=1
+U,=>,4+U, L ¢, =0
k=1

>~
I

this shows:

(1) The current/voltage phasor satisfies KCL/KVL;

(2) The current/voltage RMS value or amplitude does not meet KCL/KVL.
Example 3. 18  In sinusoidal steady-state RLC series circuits,ug = 10+/2 cos (wt)

(V) wu;, =32 sin(wt) (V) yu - =154/2 cos(wt +180°) (V) . find wup.
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Solution :
g =102 cos(wt)>Ug =10./0°
u;, =32 sin(wt) =342 cos(wt — 90U, =3/ —90°
ue =152 sin(wt +180°) =152 cos(wt + 90°) U, =15./90°
Up =Us—U, —U.=10/0"—3, —90° —15./90°
=10+4+j3—jl5=10—j12=15.6.—50°(V)

up =15.64/2cos(wt — 507 (V)
As illustrated in Figure 3. 6. 9.

12 15.6:£-50°

Figure 3.6.9 Illustration for Example 3. 18

(37 Phasor Analysis of Sinusoidal Steady-State Circuits o

3.7.1 The Fundamental Method for Phasor Analysis of Sinusoidal Steady-
State Circuits

(1) Phasor model of sinusoidal steady-state circuits involves the following:

(D Unchanged circuit structure;

@ Voltage and current are represented as voltage phasors and current phasors,
with the reference direction remaining unchanged;

@ Component parameters change as follows: RLC parameters become impedance
parameters, and voltage sources and current sources become voltage source phasors and
current source phasors, with the reference direction remaining unchanged.

(2) According to the phasor model of the component and the phasor form of
Kirchhoff’s law, we can write the phasor equation and calculate the voltage phasor and
current phasor.

(3) From the obtained voltage phasor and current phasor, the corresponding
sinusoidal voltage and current can be determined.

Example 3. 19 In the sinusoidal steady-state circuit shown in Figure 3. 7.1, given

us=+/2 cos (wt) (V), find i when w = 200rad/s and w = 1000rad/s, respectively.



Illustration for Example 3. 19 is shown as Figure 3. 7. 2.

_ 3

i 2kQ 1:,L\F i 2KQ Jla)><H10 kQ
ug 5H 2i 1.£0°V jS@x107kQ 2i
Figure 3.7.1 Example 3. 19 circuit Figure 3.7.2 Illustration for Example 3. 19

Solution: Based on the phasor model of sinusoidal steady-state circuits, formulate

and solve the phasor equations:
21 +i5w X 10 (1 — 1) =10
—ijlw X 10°T + 21 + 50 X 10 (I — 1) =0
When w=200rad/s.,
2] i1 — 1) =1.0°
— 5l 42l +j1d. —1)=0
2+iDI —jll,. =1
(2—iDI —j4l,. =0
4 4,0°

T 6+j5 7.81.39.8
When w=1000rad/s,

I =0.51/ —39.8°(mA)

21 +i5(1 — 1) =10

— i1l + 21 +j5. —1)=0
(24351 —i51. =1
(2—i5)1 +ijdl. =0
4 4.0°
C18—j5 18.68/ —15.5°

Corresponding sinusoidal quantities:
When w=200rad/s,

i =0.514/2cos(2007 — 39. 8°) (mA)
When w=1000rad/s,

i =0.21/2cos(1000z + 15.5%) (mA)

I =0.21./15.5°(mA)

3.7. 2 Application of Superposition Theorem in Sinusoidal Steady-State

Circuit Phasor Analysis

When the superposition theorem is applied to the analysis of sinusoidal steady-state
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circuits using phasors, only corresponding changes need to be made. The action of
independent sources alone becomes the action of independent source phasors alone, the
circuit transforms into a phasor model of the circuit (with impedance parameters
varying with different angular frequencies), and the components of voltage/current
transform into the phasor components of voltage/current.

Example 3.20 In the steady-state circuit as shown in Figure 3. 7. 3, given ug =

3V, ug, =44/25in(2000) (V) ,find .
; OsH 0.5uF Solution ;
— When only ug =3V acts independently, the
phasor model (circuit) of the steady-state circuit

Usi D Tkt usy . -
is as shown in Figure 3. 7. 4.

Formulate the phasor equations ( time-
Figure 3.7.3 Circuit for Example 3. 20 domain equations) and solve:
i; =3/1=3(mA)

When only ug, =44/2 sin(20002) (V) acts independently, the phasor model (circuit)

of the steady-state circuit is as shown in Figure 3. 7. 5.

i ;o ilke —J1kQ

—

3\/ |] ]kQ } le 44_900\]

Figure 3.7.4 Illustration for Example 3. 20(1) Figure 3.7.5 Illustration for Example 3. 20(2)

Write the phasor equation and solve it:

. —1 4/ —90°  4090°
12_1+j1><7.1+ TR TO R S ES R
1+l

Corresponding sinusoidal quantities:
i, =44/2 c0s(2000z 4+ 90°) (mA)
Superposition:
i =i, +i, =3+ 4/2c0s(2000¢ 4+ 90°) (mA)
3. 7. 3 Application of Thevenin/Norton Theorem in Phasor Analysis of
Sinusoidal Steady-State Circuits

Similarly, in the phasor analysis of sinusoidal steady-state circuits, Thevenin’s and
Norton’s theorems can be applied with corresponding transformations. The circuit is

transformed into a phasor model of the circuit, the single-port network into a single-



port phasor model, the open-circuit voltage/short-circuit current into the open-circuit

voltage phasor/short-circuit current
equivalent impedance, and Thevenin/Norton
equivalent phasor models.

Example 3. 21

phasor,

the the

equivalent circuits into Thevenin/Norton

equivalent resistance into

In the sinusoidal steady-state circuit shown in Figure 3. 7.6, given

ws=1/2 cos(wt)(V), find i when w=200rad/s and @ =1000rad/s. respectively.

Solution ;

The phasor model of the active single-port network, excluding the 2kQ resistor

branch, is shown in Figure 3.7.7.

Figure 3.7.6 Circuit for Example 3. 21

1.20°V

Figure 3.7.7

: —j1wx10°kQ
|
A

j50wx107°kQ o

Illustration for Example 3. 21 (1)

When finding the open circuit voltage phasor UOCC of N, =0, is shown in Figure

3.7.8.

U, =1/0°(\)

Use the external power supply method to find the equivalent impedance Z, of N—

N, , and add U to find I, As shown in Figure 3.7.9.

o “jlwx10°%kQ

|l
]

1.,0°V j5wx107°kQ 2i

Figure 3.7.8 Illustration for Example 3.21(2)

U

. —jlwx10°kQ
1 + = I
I

j50x107kQ 2

Figure 3.7.9 Illustration for Example 3.21(3)

U—21

5w X 1077
When w=200rad/s., there are
LU
il —35
U_ —2+4j5_

Zy="=—1 "=
i 4

—jlw X 10°

—0.54+j1. 25(kQ)
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I 2kQ When w=1000rad/s, there are
L0 0o
35 —jl
T 10 —j
Pt — 7, =Y 100y 5 e

The phasor model of the single-loop circuit is
Figure 3.7.10 Illustration for Example

3.21(4) shown in Figure 3. 7. 10.

When w =200rad/s, there is
U, 1001 0 10
9+ Z, 2—0.5+j1.25 1.5+j1.25 1.95./39.8°
When w=1000rad/s. there is

I

=0.51/ —39.8°(mA)

I U R V4 R V)
2+7z, 24+2.5—j1.25 4.5—j1.25 4.67/—15.5°

The corresponding sine quantity:

When w=200rad/s, there is

I

=0.21.15.5°(mA)

i =0.514/2c0s(200¢ — 39. 8°)mA
When w=1000rad/s, there is

i =0. 212 cos(10007 + 15. 5°) mA
3.7.4 Node Analysis in Sinusoidal Steady-State Circuit Phasor Analysis

In the phasor analysis of sinusoidal steady-state circuits using the node analysis
method, only the corresponding variable transformations are required. The circuit is
converted into a circuit phasor model, node voltages into node voltage phasors, self-
conductance into self-admittance, mutual conductance into mutual admittance, sources

into source phasors, and node equations into node phasor equations.

Example 3.22 In the sinusoidal steady-state . a 1uF

||

circuit shown in Figure 3. 7. 11, given ugq = Il
J2 cos(wt)(V), find i when w =200rad/s and w= % sH 5

1000rad/s, respectively.

Solution :
. . Figure 3.7.11 Circuit for Example 3. 22

Based on the phasor model of the sinusoidal
steady-state circuit, with the reference node and node voltage phasors as shown in

Figure 3. 7.12, the control quantity for the controlled source phasor is transformed to
[=W,—U,)/2.

U =1/0(V), U,=21=U, —U,

[ Ji00
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U, 1 2kQ U, 51 wxlllo kQ U,
I

1./0°V j5@x107°kQ 2

Figure 3.7.12 Illustration for Example 3. 22

spoyIdIN sisk[euy 3moary [Faardey)

Node phasor equation for node 2;

1. 1 1 . .
—*U1+<f+j<w><10 3——><103>)U2—jw><1o ‘U, =0
2 2 5w

1 -
5 e X 10 !
U, =

1 _
+i2ex 107 ~ Lt 10°)
2 Sw

When w=200rad/s, there are

~0.54+j0.2  0.54j0.2  0.539./21.8°
0.5+j0.4—1) 0.5—j0.6 0.781/ —50.2°

U, =0.69./72°(V)
U U, 1,0°—0.69/72° 1—0.213—j0.656
2 2 o 2
—0.394 —ij0.328 =0.51/ — 39.8°(mA)
When w=1000rad/s. there are

054§l 0.5+jl  1,118.63.4°
0.5+j(2—0.2) 0.5+j1.8 1.868.74.5°

1=

U, =0.599./ —11.1°(V)

U1 *Uz 1.0°—0.599/ —11.1° 1—0.588—j0.115
2 2 2
=0.206 —j0.058 =0.21/ —15.7°(mA)
The corresponding sinusoidal quantities;

When w =200rad/s, there is

i =0.514/2c0s(200z — 39. 8°) (mA)
When «w =1000rad/s, there is

i =0.2142cos(1000¢ 4+ 15.7°) (mA)

(38 Frequency Characteristics of Sinusoidal Steady-State Circuits ##»

3.8.1 Transfer Function and Frequency Characteristics of Sinusoidal Steady-

I =

State Circuits

The transfer function is the ratio of the output phase to the input phase of a

sinusoidal steady-state circuit as a function of frequency. The frequency response



[ Jio2

FFREEM (TR )

characterizes the relationship between the amplitude and phase of a transfer function and
frequency. The amplitude response represents the relationship between the amplitude of
the transfer function and frequency, while the phase response denotes the relationship

between the phase of the transfer function and frequency.
3.8.2 First-Order Low-Pass Characteristic

Example 3. 23 Find the frequency characteristic of the first-order RC sinusoidal
steady-state circuit shown in Figure 3. 8. 1.

Solution:

ﬁ) chT U R+ -— (3.8.1)
B jwC

- 1 1
Figure 3.8.1 First-order low-pass circuit - 1+ ijC - 1+ jZthRC
1 .
Assume that A, =1, f, “xRC’ there is
A (3.8.2)
u 1 +J i * *
fo
Amplitude-frequency characteristic:
M ‘Au ‘
A, |:72 (3.8.3)
7
1+
7
Phase-frequency characteristic:
o S
=0 farctan<f (3.8.4)
¢ S )

1. Qualitative analysis

When f<f,, there is

A, = A, =1, ¢—>0
When f=f,, there is
AT . .
=-—, ¢=0 —arctanl =—45
Z

A, |
When > f,, there is
A, | >0, ¢ —>—90°
First-order low-pass characteristics (first-order hysteresis characteristics).
2. Bode plot analysis

In a coordinate system where the horizontal axis employs a logarithmic scale and



the vertical axis uses a linear scale., the curves representing the amplitude-frequency

response and phase-frequency response are known as the Bode plots.

. 2
20lg |A, |=20lg | A, |— 10lg {1 +(4) }
So
20lgl —10lgl =0,/ < f
’ (3.8.5)
~ J20lgl —10lg2=—3.f =/,
{ZOlgl - 201g(i) - —zolg(i) .S L
fo fo

The first-order low-pass amplitude-frequency Bode plot is shown in Figure 3. 8. 2.
jooa f << fO

€0:O°—arctan<fi): 0° —arctanl =—45°, f=7f, (3.8.6)

0
{* 90°, >71
The first-order low-pass phase-frequency Bode plot is shown in Figure 3. 8. 3.
Cut-off Frequency )
201g|A12)| 0.01% 0.1% fo 107, 100f; 00006 016 fo 10/, 1001,
ST | / r | !
0. e s e e o |
20Ft—-——————————= —45 :
_900 ~~~~~~~~~~~~~~ :
Figure 3. 8.2 First-order low-pass gain Figure 3.8.3 First-order low-pass phase-frequency
Bode plot Bode plot

3.8.3 First-Order High-Pass Characteristic

Example 3. 24 Find the frequency characteristic of the first-order RC sinusoidal

steady-state circuit shown in Figure 3. 8. 4.

Solution ; 1
. joC :
.U, R 1 —
Au =—= 1 = 1 +
U R+— 1
oC "WRC . R .
1 N U Uo
— 1 -
1 1
— ] .
2nfRC Figure 3.8.4 First-order high-pass circuit
1 .
Assume that A, =1, f “9xRC’ there is
A A (3.8.8)
‘ i fo o
— =
A
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Amplitude-frequency characteristic:

. LA, |
A, = - (3.8.9)
(%)
/
Phase-frequency characteristic:
¢=0° —arctan(—&> (3.8.10)
f
1. Qualitative analysis
When f<f,, there is
A, | >0, ¢—>0°
When f=f,, there is
A, 1 . .
A, |= =—, ¢@=0"—arctan(— 1) =45
2

When /> f . there is
A, =14, =1,

First-order high-pass characteristics (First-Order lead characteristics).

90->9O°

2. Bode plot analysis
201g] — ZOlg(f—O) :zolg(i) . < Sy
- fo)? f So
20lg [A, |=20lg | A, |—10lg 1+(7) =

20lgl — 10lg2 =—3, f=1r5
20lg1 — 101gl =0, > f,
(3.8.1D)
The first-order high-pass amplitude-frequency Bode plot is shown in Figure 3. 8. 5.
. J90°, < S
©=0°"— arctan(— fi) =40° —arctan(— 1) =45°, f=7F, (3.8.12)
lo°, > 1
The first-order low-pass phase Bode plot is illustrated in Figure 3. 8. 6.
Cut-off Frequency
201g'A16| 0.01% 0.1% ﬁ) 106, 100f ?
-3 x hi -
20f===— ROV Wi,
i \ i
oo o1 3 10/, 100f, f

Figure 3.8.5

First-order high-pass amplitude-

frequency Bode plot

Figure 3. 8.6 First-order low-pass

phase Bode plot



39 Simulation: Thevenin Equivalent Circuits and Norton

Equivalent Circuits

1. Experimental requirements and objectives

(1) Find the Thevenin equivalent circuit or Norton equivalent circuit of a linear

active two-terminal network.
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(2) Mastery of Thevenin’s theorem and Norton’s theorem.

2. Experimental principle

According to Thevenin’s theorem and Norton’s theorem, any linear two-terminal
network with sources can be equivalently represented either as an actual voltage source
in series with a resistor, consisting of an ideal voltage source, or as an actual current
source in parallel with a resistor, comprising an ideal current source. The value of this
ideal voltage source is equal to the open-circuit voltage at the ports of the two-terminal
network, and the value of this ideal current source is equal to the short-circuit current at
the ports of the two-terminal network. The value of this resistance is the equivalent
resistance between the two ports after setting all the independent sources in the active
network to zero. According to the law of interchangeability between two real power
sources, this resistance is actually equal to the ratio of open-circuit voltage to short-
circuit current,

3. Experimental circuit

The active two-terminal linear network is shown in Figure 3. 9. 1.

Figure 3.9.1 Active two-terminal linear network

4. Experimental step

(1) Edit Figure 3. 9. 2 in the Circuit Window, where the nodes at points a and b are
obtained through the initiation of the “Place Junction” command found in the “Place”
menu; to get a, b text logo, start “Place Text” in the “Place” menu, and then enter the

desired text in the determined position.
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(2) Take out the multimeter from the instrument column and set it to the DC
voltage block, connect it to the points a and b points and measure the open-circuit
voltage. Measure the open-circuit voltage U, =7. 820V, as shown in Figure 3. 9. 2(a).

(3) Set the multimeter to the DC current block, measure the short-circuit current

I, measured short-circuit current I ,=78.909mA, as shown in Figure 3. 9. 2(b).

v4
R6 P
- ; : E (
[ 1000 N/ [ Multimeter-XMM1 &
R4 \ 12v w
100 J | 782V |
XMM1

) @ (@) @)

\ / | —
A V3 T (] =3
(1) 12v [ '
Nl } + 17 Set.. —
L ‘ ! b % :
1
-
(a)
V6
R9 —~
—— — a y -
DR? 100Q 1—2—\4/ Multimeter-XMM2 —
100
— 78 909 mA ]
T A 13 R8
i 1kQ 7 e
.T_#‘A |)‘ @ v ||| |d]
7T VS il i —_ R ==
{ | ) 12v (D) mmd
¥ _ Set.,, =
b
ki
(b)

Figure 3.9.2 Circuit window editorial graph(1)

(4) Find the equivalent resistance of a two-terminal network.

Method 1: Through the measured open-circuit voltage and short-circuit current,
the equivalent resistance of the two-terminal network can be obtained.
Uy  7.820
I, 78.909

Method 2: Replace all independent sources in the two-terminal network with zero,

R, = =0.0991k0Q =99. 1Q

which means substituting voltage sources with a short circuit and current sources with
an open circuit. Directly measure the resistance between points a and b using the
ohmmeter function of the multimeter. The measured resistance R, =99. 099~99. 1Q,

as shown in Figure 3. 9. 3.

(5) Draw the equivalent circuit. The Thevenin equivalent circuit is shown in Figure

3.9.4(a) and the Norton equivalent circuit is shown in Figure 3. 9. 4(b).
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Figure 3.9.3 Circuit window editorial graph(2)

a a
Ro1
99.10
3 12 Ro2
78.809mA 99.1Q
Vi
C) 7.82V
b b
ol gl
(a) (b)

Figure 3.9.4 Thevenin equivalent circuit and Norton equivalent circuit

Problems

3.1 The circuit is shown in Figure P3. 1, find:

(a) How many linearly independent KVL equations can be written for the network
in the figure?

(b) How many linearly independent KCL equations can be written for the network
in the figure?

(¢) Write a set of KVL and KCL equations for the network.

3.2 Using the Superposition Theorem, find the U, of the circuit shown in Figure
P3. 2.

%]
] [c] [2]
2]
Figure P3. 1 Figure P3. 2
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3.3 Using the Superposition Theorem, find the U, of the circuit shown in Figure

P3. 3.
3.4 The two circuits in Figure P3. 4 are equivalent, i. e., they have the same U

and I relationship at the ports. Find the U, R .

UT U

(b

Figure P3.3 Figure P3. 4

3.5 Find the Thevenin equivalent circuit of the circuit shown in Figure P3. 5.
3.6 Determine the Thevenin equivalent circuit of the left-side network relative to

the terminal pair aa'as shown in the circuit of Figure P3. 6.

U
6Q
2 cos(wf)V <+> 1kQ H 8 o 2kQ[
= 100Q '
12V 3Q 1A
Figure P3. 5 Figure P3. 6

3.7 Find the Norton equivalent of the circuit shown in Figure P3. 7.

3.8 Find the Norton equivalent of the circuit shown in Figure P3. 8.

R Ry
I 1 a
5kQ
I U R
4mA ﬂ 1kQ ! ¢
2kQ e
I, b R3
Figure P3.7 Figure P3. 8

3.9 Determine the Norton equivalent circuit of the left-side network relative to

the terminal pair aa'as illustrated in the circuit of Figure P3. 9.
U

8
2 cos tV<+> 1kQ H
@)V< 1000 “

Figure P3.9



3.10 Find the time constant and cutoff frequency of the circuit shown in Figure
P3.10. Where Rq=1kQ, R, =10kQ, and Cq=1pF.
3.11 Find the time constant and cutoff frequency of the circuit shown in Figure

P3.11. Where R¢=1kQ, R, =10k, and C,=3pF.

Rq Cs
Us

Ui Rp

Figure P3. 10 Figure P3. 11

3.12 In the circuit shown in Figure P3. 12, where Rq=4. 7kQ, R, =25kQ, and
Cp= 120pF, find the cutoff frequency f ;.

3.13 Find the cutoff frequency and bandwidth of the circuit shown in Figure P3. 13.
Where R¢=1kQ, R, =10kQ, Cg=1pF, C,=3pF.

Ry Cs
+
U R[] co T Uy
Figure P3. 12 Figure P3. 13

3.14 As the circuit shown in Figure P3. 14, it is known that U, =40V, U, =
75V, R, =20kQ, R, =60kQ, R, =8kQ, R, =40kQ, R, =160kQ, C=0. 25pF. The
switch has been closed at position 1 for a long time, at =0 the switch is turned to end
2, try to find the capacitor voltage u (¢) at t=0.

3.15 The sinusoidal current i; (z) =20cos(wt —30°) A, i, (¢) =40cos(wt +60°) A
and i,(t)=1i,(t)+i,(z) is known, try to find the phase of 7, (7).

3.16 In the circuit shown in Figure P3. 16, it is known that ug=750c0s(5000z +
30°)V, R=90Q, L =32mH, C=5uF, try to find the steady state current i by using
the phase method.

: i 900 i
I
T R C
- us 32mH 3L
Figure P3. 14 Figure P3. 16
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